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Two New Classes of Strapdown Navigation Algorithms

Yury A. Litmanovich, Vladimir M. Lesyuchevsky, and Valery Z. Gusinsky
Central Scienti�c and Research Institute “Elektropribor,” 197046, St. Petersburg, Russia

Two alternative approaches are presented for deriving strapdown navigation algorithms as opposed to the
conventional approach that was used until now and was recently summarized in the paper by Savage (Savage,
P. G., “Strapdown Inertial Navigation Integration Algorithm Design Part 2: Velocity and Position Algorithms,”
Journal of Guidance, Control, and Dynamics, Vol. 21, No. 2, 1998, pp. 208–221). A key point of the two approaches
is the use of additional gyro/accelerometer output signals that are the increments of the angular-rate/speci� c-force
multiple integrals over the iteration interval. This results in two new families of speci� c-force transformation
algorithms that accurately account for the sculling effects and attenuate the pseudosculling errors that can arise
because of the high-frequency gyro/accelerometer behavior.

I. Introduction

D URING the past 20–25 years researchers have accumulated
great expertise in developing the strapdown inertial naviga-

tion system (INS) discreteattitudeand navigationalgorithms.There
are commonly accepted general approaches for deriving strapdown
algorithms.Recently,thesealgorithmswere summarizedin two fun-
damental papers by Savage,1,2 one of the recognized pioneers and
experts in this � eld. These papersproperlymark the end of a long pe-
riod of algorithm development. Moreover, the computational load,
which earlier was a key criteria for the algorithm’s performance, is
no longer as important for the modern-daycomputers with progres-
sively increasing throughput.

Yury A. Litmanovichreceived his M.S. degree in Electrical Engineering from Leningrad Electrical-Engineering
Institute in 1976 and his Ph.D. degree in Technical Sciences from the Central Scienti� c and Research Institute
Elektropribor (Leningrad) in 1987. Since 1976 he has been employed at Elektropribor, where he is currently a
Principal Research Scientist. He is a member of the Russian Academy for Navigation and Motion Control.

Vladimir M. Lesyuchevsky received his M.S. degree in Electrical Engineering from the Leningrad Institute of
Precise Mechanics and Optics in 1970 and his Ph.D. degree in Technical Sciences from the Central Scienti� c and
Research Institute Elektropribor (Leningrad) in 1978. In 1970 he joined Elektropribor, where he is currently a
Department Head. Dr. Lesyuchevsky is a member of the Russian Academy for Navigation and Motion Control.

Valery Z. Gusinsky received his M.S. degree in Electrical Engineering from the Leningrad Institute of Precise
Mechanics and Optics in 1963 and his Ph.D. and Sc.D. degrees in Technical Sciences from the Central Scienti� c
and Research Institute Elektropribor (Leningrad) in 1969 and 1989, respectively. In 1963 he joined Elektropribor,
where he is now a Division Head, Professor. Dr. Gusinsky is a member of the Russian Academy for Navigation and
Motion Control Board and the Editorial Board of the journal Gyroscopy and Navigation.

Received 10 August 1998; revision received 11 April 1999; accepted for publication 23 April 1999. Copyright c° 1999 by the authors. Published by the
American Institute of Aeronautics and Astronautics, Inc., with permission.

We present two alternative approaches for deriving strapdown
navigationalgorithms.We realize that there shouldbe a good reason
to come up with this paper at a moment when the question seems
to be closed. In our opinion, the conventional approach has two
limitations, which are discussed.

The traditional procedure for deriving strapdown algorithms is
based on the assumption that gyro/accelerometer output signals,
which can be used as input parameters for the algorithms, are the
incrementsof the angular-rate/speci� c-forceone-time integralsover
the samplinginterval.This assumptionis notquestionedbecausegy-
ros and accelerometerswith incremental outputs are used in practi-
cally all INSs examinedto date. It shouldbenoted that this statement
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is in principlea limiting one for deriving the algorithms.One should
recognize that one-time integration is properly a computationalop-
eration. Consequently, we may say that in any INS with incremen-
tal sensors there is already a separation of the total computational
process into two phases: 1) the primary processing of the angular-
rate/speci� c-force components, which amounts to high-frequency
integrationover the samplinginterval,and 2) the subsequentcompu-
tationsaccordingto the INS algorithmswith thecomputationalcycle
equal to (or greater than) the sampling interval.Hence, theoretically
onemay set up a problemof derivingthe strapdownalgorithmswith-
out any restrictions being imposed on the primary processing algo-
rithms. This removal of restrictionson the primary algorithms leads
to the possibility of using increments of the angular-rate/speci� c-
force multiple integrals (rather than only one-time integrals) as in-
puts to the INS algorithms. These additional gyro/accelerometer
output signals can be easily generated during signal primary pro-
cessing. In fact, in the process of the gyro/accelerometer quantum
summing,which is performedin sensorelectronics,the current state
of a counter is updated at a high frequency; consequently the inte-
gration of these quantities can be performed at the same or higher
frequency.

Another proposition of the conventional approach that we crit-
ically review refers to the manner of treating the high-frequency
gyro/accelerometer instrument errors, which can result in pseudo-
coning/sculling errors.1 All conventional algorithms are derived to
account accurately for vibration-induced sculling effects (with the
angular vibrations resulting from linear vibration because of the
sensor assembly mount imbalance). As it is impossible to correct
the real and the pseudo-coning/sculling effects at the same time if
their frequencybands overlap, special measures need to be taken to
separate vibration and instrument error spectra, and the algorithm’s
repetition rate is selected to be higher than the dominant vibration
frequencies, but lower than the instrument error frequencies. In do-
ing so, it is supposed that the pseudo-coning/sculling errors will be
somehow attenuated.The real attenuationproperties of the conven-
tional algorithmsare often ignored; they are not expresslystructured
to account for the instrument errors.

This paper presents two different approaches for deriving strap-
down navigation algorithms that would accurately compensate for
the vibration-induced sculling effects and, at the same time, atten-
uate the pseudosculling errors. The � rst approach is based on one
for deriving smoothing strapdown attitude algorithms, which was
recently developed by Litmanovich.3 A key point of this approach
is in deriving the angular-rate/speci� c-force polynomial model’s
coef� cients (which form the basis for any strapdown navigation
algorithm) as the least-squares method (LSM) estimates that pro-
vide a good smoothing property of the algorithms. For this reason
we designated the so-derived new class of strapdown transforma-
tion algorithms as smoothing algorithms. These algorithms use the
increments of the angular-rate and the speci� c-force multiple in-
tegrals over the iteration interval and the transformation matrix
values at the start of the iteration interval. The second approach
amounts to one thatwas developedin the mid-1980sat Elektropribor
(St. Petersburg,Russia) for the isolator-freestrapdownsystems.This
approach results in a class of strapdown transformation algorithms
that we named acceleration-invariantalgorithms for the reason that
the general formulas that form the basis for these algorithms are
derived without any restrictions imposed on the acceleration fre-
quency band relative to the iteration rate. These algorithms use the
increments of the speci� c-force multiple integrals over the itera-
tion interval and the transformation matrix current and past iter-
ation cycle values. With the acceleration-invariant transformation
algorithms, the pseudosculling errors will be attenuated, provided
that the gyro instrument errors are effectively smoothed over while
performing the attitude computations.For this purpose the recently
derived smoothing attitude algorithms3 can be used with the incre-
mentsof theangular-ratemultipleintegralsover the iterationinterval
being invoked as an additional input to the algorithm.

The algorithmdesign is performed in view of the INS rapid align-
ment requirements,which are typicalformanyapplicationsin which
the external navigation data, the master INS output data or zero-
velocity information at the stops, are used as the reference data.

(This problem is very relevant for the INS/global positioning sys-
tem (GPS) integrated systems that are of prime interest nowadays.)
In doing so, comparativelyhigh-frequency(higher than the Schuler
frequency) INS errors are to be rigidly bounded. The differences
of the linear position components, generated in the INS and those
obtained integrating the external velocity data, are to be used as the
measurements for the leveling � lters. The idea of using the position
measurements insteadof the velocityones was proposed in the early
1970s and now is commonly accepted.

The paper content is organizedso that in the navigationalgorithm
designwe move from theend to the beginning,i.e., from the speci� c-
force integration in the navigation frame to the speci� c-force trans-
formation from the body-� xed to the navigationframe. In Sec. II we
analyticallyexamine the performanceof both true and conventional
integration algorithms under the rapid alignment requirements in
conditions of linear vibration. In Sec. III the conventional and the
two new procedures for deriving the transformation algorithms are
presented and illustrated by examples and a comparison of the de-
rived algorithms is made. The possibility of generating additional
accelerometer outputs is justi� ed in Sec. IV. In Sec. V the analyti-
cal study of the algorithms under consideration is performed with
an emphasis on comparison of the conventional and the proposed
algorithm performances under the sculling and the high-frequency
accelerometerinstrumenterrors.To con� rm the analyticallyderived
estimates, the simulation of the algorithms was performed, and its
results are presented and discussed in Sec. VI. Concluding remarks
are provided in Sec. VII.

Before coming to the subject we make a few remarks.
1) With the detailed paper by Savage2 in hand, we concentrated

on the principal issues of the total strapdown navigation algorithm
only. So, for all the points left beyond the scope of this paper (the
initial continuous navigation equations, gravity and Coriolis term
compensation,etc.) see Ref. 2. We also do not presentnomenclature
and coordinateframes for they are basically the same as those given
in Ref. 2.

2) The careful reader will � nd much in this paper that is in com-
mon with the most recent Savage paper2 when the position calcu-
lation algorithms are discussed in Sec. II. We did not restrict our-
selves to the reference to the cited paper mainly for completeness
of the presentation. One reason more is that, in contrast to Savage,
we examine the conventional integration algorithm’s errors under
the rapid alignment requirements that seem to be more realistic for
many users. It should be mentioned that the utility of using the true
velocity integration algorithm instead of the conventional ones had
been justi� ed by the authors in the mid-1980sand widely published
in 1994.4

3) We consider it our duty to mention the investigationson strap-
down algorithm design performed in the former USSR during this
period in parallel with the work of American scientists. The most
signi� cant theoretical work in this � eld had been carried out by
Branetz and Shmyglevsky (Moscow, Russia) and Panov, Lebedev,
and Tkachenko (Kiev, Ukraine) and was recently summarized in
monographs. We do not refer to these publications in our paper
simply for the reason that these authors develop the same principal
approach as Savage does (which we call conventional), but these
monographs are written in Russian, which makes them unavailable
for the majority of the readers.

II. Speci� c-Force Integration in the Navigation Frame
According to the conventionaldiscrete speci� c-force integration

algorithm, which is used in many INSs, the velocity components
expressed in the navigation frame are calculated by summation of
the appropriate velocity increments over the navigation iteration
interval,

Vn(k + 1) = Vn (k) + d Vn(k, k + 1) (1)

where

d Vn (k, k + 1) = * tk + 1

tk

an (t) dt (2)
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and the position components, by numerical integration of the so-
obtained discrete velocity values, are

Sn (k + 1) = Sn(k) + Vn(k) ¢ D T (3)

wherean , Vn , and Sn are the vectorsof speci� c forceand its one-time
(linear velocity) and two-time (linear position) integrals, re-
spectively, expressed in the navigation frame; tk = k ¢ D T (k =0,
1, 2, . . .); D T is the navigation iteration interval; and k is the itera-
tion index.

Equation (3) represents a rectangular integration scheme, al-
though a trapezoid or higher-order integration scheme can be used.
The important point is that the position components will be deter-
mined with iteration-interval-dependent errors, whatever numerical
integration method is used. In this case a restriction is imposed to
the iteration rate: It must be higher than the frequency of the most
high-frequencysigni� cant component in the velocity spectrum.

The navigation iteration rate is typically chosen based on the
vehicle’s dynamics. It turns out that in this case a high rapid align-
ment accuracy cannot be provided under the linear vibration with
the traditional position calculationalgorithm of the type of Eq. (3).
To illustrate this statement, let us consider a harmonic linear vi-
bration acting along one navigation frame axis of an amplitude (in
acceleration) aV and a circular frequency x V . In this case, when the
vibration frequency is close to a frequency that is divisible by the
navigation iteration rate f ( f =1/ D T ), the velocity and the posi-
tion outputswill be seen as the harmonicsof a low aliased frequency
˜x V and amplitudes V0 =aV / x V , S0 =aV / x V ˜x V , respectively. For
the worst case from the rapid alignment viewpoint, when the pe-
riod of the aliased vibration harmonics T̃V is greater than the INS
alignment time interval, the leveling error b can be evaluated with
the polynomial expansion for the INS outputs as b = S0 ˜x 2

V . For
aV =2 g, x V =2 p 50 s ¡ 1, f =50 Hz, and T̃V = 200 s it gives
b ¼ 40 arcsec, irrespective of whether velocity or position com-
ponents are used as the measurements for the leveling � lter. This
rudimentary analysis clearly shows that, with the conventional ve-
locity integrationalgorithm, errors can arise that may well be intol-
erable in high-performancesystems. The only way to provide high
rapid alignment accuracy with this algorithm is to select a naviga-
tion iteration rate that is higher than the vibration frequencies.Note
that the example presented in Savage’s paper (Ref. 2, Sec. VI) when
the aliased (sampled) velocity of the vibration is exactly a constant
is not disastrous from the INS alignment viewpoint.

Another form of the discrete position calculation algorithm can
be trivially derived from the continuous one. It is as follows:

Sn (k + 1) = Sn(k) + Vn(k) ¢ D T + d Sn (k, k + 1) (4)

where

d Sn(k, k + 1) = * tk + 1

tk
* t

tk

an ( s ) d s dt (5)

If there are no errors in the generation of the quantities d Vn and
d Sn , algorithm (4) permits the calculation of position components
without numerical integration errors in the discrete time points tk
at any magnitude of iteration interval D T . Therein lies the funda-
mental difference between this algorithm and the conventional one
[of the type given by Eq. (3)]. In the preceding example the linear
position associated with the vibration will be correctly generated
without amplitude ampli� cation, so the leveling error appears to be
attenuated by a factor of x V / ˜x V ¼ 10,000 in the case in which the
position components are used as the measurements for the leveling
� lter. Therefore, with this true velocity integration algorithm, it be-
comes possible to providehigh rapid alignmentaccuracywith a low
iteration rate selected based on the vehicle’s dynamics.

Accordingto thederivedalgorithmtheprocessesof both one-time
and second-time speci� c-force integration are separated into two
stages: a primary continuous (quasi-continuous) integration over
the navigation iteration interval and a secondary integration with
the iteration interval over the system operation time. A possibility
of mechanizing algorithm (4) and its accuracy completely depends
on the possibility and the accuracy of generating the quantities d Sn

which can be called the partial position increments [in contrast to
the total position increments that are de� ned by the last two terms
in Eq. (4)].

Going to the strapdown INS to implement the true discrete algo-
rithms (1) and (4), we calculate the following integrals:

d Vn (k, k + 1) = * tk + 1

tk

C(t )a(t) dt (6)

d Sn (k, k + 1) = * tk + 1

tk
* t

tk

C( s )a( s ) d s dt (7)

where a is the speci� c-force vector, expressed in the body-� xed
frame coordinates, and C is the transformation matrix from the
body axes to the navigation axes.

Equations (6) and (7) represent the extended formulation of the
speci� c-force transformationproblem. It should be noted that, with
regard to vibration, the integral of Eq. (7) is to be calculatedonly in
the case in which a two-speed computation scheme is used.2 With
a single-speed navigation computation, the integral of Eq. (6) is
calculatedat a high iterationrate (higherthan thevibrationfrequency
band), so the conventionalvelocity integrationalgorithmof the type
of Eq. (3) can be used but at the same high iteration rate.

III. Strapdown Speci� c-Force
Transformation Algorithms

In this section we present the procedures for deriving the conven-
tional and one of the proposed new algorithms—smoothing algo-
rithms—taking a linearly ramping model for the angular-rate/
speci� c-force components as an example. The algorithms for the
constant-signal models are presented as well. In doing so we re-
strict our considerationto the calculationof the velocity increments
[Eq. (6)] for the reason that the algorithms for the position incre-
ments [Eq. (7)] can be derived similarly. In regard to the acceler-
ation invariant algorithms, we � rst derive the general solution for
the speci� c-force transformationproblem (which forms the basis of
the algorithms of this type) and then specify two particular algo-
rithms of this class based on the linear and the square-law models
for the transformation matrix (which is equivalent to the constant
and the linearmodels for theangular-ratecomponents,respectively).
The general formula for d Sn is derived because it is not trivial.

A. Conventional Algorithms
All conventional strapdown speci� c-force transformation

(sculling) algorithms can be divided into two groups: one that uses
only the accelerometer outputs as the input signals for the algo-
rithm and another that uses both gyro and accelerometer outputs.
Among the � rst group are a well-known half-sum algorithm with
accelerometeroutputs that are transformed by means of the average
of the attitude matrix computed at the start and the end of the itera-
tion intervaland thecenteredalgorithms5 thatuse theattitudematrix
computed in the center of the iteration interval and the current and
the past sample accelerometer outputs. The general procedure for
deriving the algorithms of this group is not published most likely
owing to its clarity: The algorithms can be derived directly from
Eq. (6) by use of the polynomial expansion for the accelerationand
the attitude matrix with respect to the start or the center point of
the iteration interval. In doing so, the speci� c-force derivatives are
expressedby means of the accelerometercurrent and past data sam-
ples whereas the transformation matrix derivatives are calculated
by means of computed current and past iteration cycle matrix C
values by use of one numerical method or other. The procedure for
deriving transformation algorithms of the second group is likely to
be the basic one and was summarized in details in the latest paperby
Savage.2 It should be noted that the procedure for deriving the algo-
rithms of the � rst groupcan be transformedto the one for the second
group of algorithms by calculation of the matrix C derivatives by
use of the analytical relationships between these parameters and
the angular-rate derivatives (not by the numerical differentiation).
Below we brie� y present the conventional procedure as applied to
a single-speed computation format. To be speci� c, we restrict our
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consideration to the case in which the sensor samples are taken
within the current navigation iteration interval.

According to the general procedure, a solution for the integral
of Eq. (6) is sought by use of a � rst-order approximation for the
transformationmatrix expressedby the attitude incrementsover the
iteration interval as follows:

d Vn (k, k + 1) = C(k)[D V(k, k + 1) + d Vs(k, k + 1)] (8)

where

d Vs(k, k + 1) = * tk + 1

tk

D H (tk , t ) £ a(t ) dt (9)

D V(k, k + 1) = * tk + 1

tk

a(t ) dt , D H (tk , t ) = * t

tk

x (t) dt

(10)

The sculling correction term d Vs is expressed by the angular-
rate/speci� c-force polynomial model’s coef� cients, which can be
determined from the gyro/accelerometeroutputs D H and D V.

By this approach, the number of coef� cients to be determined is
equal to the number of sensor samples available over the iteration
interval D T . For example, for the linearly ramping model for the
angular-rate ! and speci� c-force a vectors over the time interval
(tk , tk + 1),

!(tk + s ) = A! + B!s , a(tk + s ) = Aa + Ba s

where

A! = !(tk ), Aa = a(tk ), B! = Ç!(tk), Ba = Ça(tk )

we have to have two gyro/accelerometer samples over the iteration
interval. In this case we can derive the solution for the coef� cients
A and B by solving identical sets of two linear inhomogeneous
algebraic equations written for D H and D V. Such a solution for
the case of two equally spaced over the interval D T samples can be
easily derived, as follows:

Â! = (1/ D T )(3 D H 1 ¡ D H 2), Âa = (1/ D T )(3D V1 ¡ D V2)

B̂! = (4/ D T 2)( D H 2 ¡ D H 1), B̂a = (4/ D T 2)( D V2 ¡ D V1)

(11)

where Â!, B̂!, Âa, and B̂a are the appropriatecoef� cient’s estimates
and D H 1 , D V1 , D H 2 , and D V2 are the gyro/accelerometeroutputs
at time points tk + D T / 2 and tk + D T , respectively.

Expressing the functions in Eq. (9) by means of the angular-
rate/speci� c-force model’s coef� cients, after integration we have

d Vs = ( A! £ Aa)( D T 2 / 2) + ( A! £ Ba)( D T 3 / 3)

+ (B! £ Aa)( D T 3 /6) + (B! £ Ba)( D T 4 / 8) (12)

Here and below, the index of the iteration interval is omitted except
when it is necessary for proper understanding.

Substituting expressions (11) into Eq. (12) for the sculling cor-
rection algorithm � nally gives

d Vs = 1
2 ( D H £ D V)

+ 2
3
[( D H 1 £ D V2) ¡ ( D H 2 £ D V1)] (13)

where D H = D H 1 + D H 2 and D V = D V1 + D V2 .
For the constant angular-rate/speci� c-force models the algorithm

is de� ned by the � rst term of Eq. (13) and uses the gyro/accelerom-
eter samples over the iteration interval,2 namely,

d Vs = 1
2
( D H £ D V) (14)

If the square-law or higher polynomial models are taken for the
angular rate/speci� c force over the iteration interval, the algorithms
derived according to the general procedurecan be optimized for the
pure scullinginput by a specialtuningof the algorithm’s coef� cients
in the same manner as is done with the attitude algorithms for the
coning input.6 ¡ 8

B. Smoothing Algorithms
By the basic conventional procedure, the angular-rate/speci� c-

force model’s coef� cients are calculated from the gyro/accelerom-
eter outputs in a deterministic way. A statistical approach to this
problem seems to be more appropriate because of the presence of
the additive high-frequencycomponents,which are to be smoothed
over. Such an approach, recently developed by Litmanovich, was
applied to the strapdown attitude algorithms3 and can be used for
the speci� c-force transformationproblemas well. It has been shown
that when the increments of the signal multiple integrals (of multi-
plicity from 1 to n) over the iteration interval are used, the estimates
of the signal n-order polynomial model coef� cients can be derived
by the LSM. To do this it is suf� cient to solve a set of n linear
inhomogeneous algebraic equations written for all involved mul-
tiple integrals, which are expressed by means of the signal model
coef� cients to be determined. The so-derived estimates approach
the LSM estimates as the number of signal measurements over the
integration interval N grows (for N = 100 the difference between
the true and the approximate LSM estimates did not exceed 1%).
Thus this simple method can be used for large N (as it usually is).

Again taking the linearly ramping polynomial model for ! and a
over the iteration interval as an example now gives [as opposed to
Eqs. (11)]

Â! = (6/ D T 2)[D H 2 ¡ D H 1( D T / 3)]

Âa = (6/ D T 2)[D V2 ¡ D V1( D T /3)]
(15)

B̂! = (12/ D T 3)[D H 1( D T /2) ¡ D H 2]

B̂a = (12/ D T 3)[D V1( D T / 2) ¡ D V2]

where

D H r = * tk + 1

tk

¢ ¢ ¢ * tr ¡ 1

tk, & ( *
r

!( s r ) ds r ¢ ¢ ¢ d s 1

D Vr = * tk + 1

tk

¢ ¢ ¢ * tr ¡ 1

tk, & ( *
r

a( s r ) ds r ¢ ¢ ¢ d s 1 (16)

D H 1 = D H , D V1 = D V

The superscripts in D H and D V denote the order of the integral
multiplicity.

We can obtain the algorithm for the sculling correction term cal-
culation by substituting expressions (15) into Eq. (12):

d Vs = 1
2
( D H 1 £ D V1) ¡ (1/ D T )[( D H 1 £ D V2)

¡ ( D H 2 £ D V1)] (17)

Under the constant angular-rate/speci� c-force conditions, the
smoothingalgorithmtakes the form of conventionalalgorithm(14).

It is clear that, when the suggested approach is applied with the
higher-orderangular-rate/speci� c-force polynomial models, a fam-
ily of strapdown transformationalgorithms can be derivedwith sig-
nal multiple integralsof increasingmultiplicity.Reasoning from the
essenceof the procedureforderivingthesealgorithms,we cansafely
assume that the smoothing property of these algorithms under the
high-frequencyinertial sensor instrumenterrors will be much better
than that of the correspondingconventional algorithms.

C. Acceleration-Invariant Algorithms
All available transformation algorithms of the � rst group (which

donotuse thegyrooutputs)werederivedwith thepolynomialexpan-
sions for both the attitude matrix and the body-� xed speci� c-force
components. It turns out that the general solution for the speci� c-
force transformationproblem can be easily derived with no restric-
tions imposed on the speci� c-force frequency content. To do this
it will suf� ce to perform the integration in formulas (6) and (7) by
using the polynomial expansion for the attitude parameters only. In
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fact, let us represent the matrix C as a Taylor series expansionover
the iteration interval D T :

C(tk + s ) = C(k) + ÇC(k) ¢ s + C̈(k) ¢ ( s 2 /2) + ¢ ¢ ¢ (18)

where 0 < s · D T and C(k), ÇC (k), C̈(k), etc., are the values of
matrix C and its � rst, its second, etc., derivatives calculated at the
time point tk .

Substitutingthis relationinto formulas (6) and (7) and integrating
by parts results in (see Appendix)

d Vn(k, k + 1) = C(k + 1) * tk + 1

tk

a(t ) dt

¡ ÇC(k + 1) * tk + 1

tk
* t

tk

a( s ) d s dt + ¢ ¢ ¢

=
R ! 1

r̂ = 1

( ¡ 1)r ¡ 1C (r ¡ 1) (k + 1) D Vr (k, k + 1)

d Sn(k, k + 1) = C(k + 1) * tk + 1

tk
* t

tk

a( s ) d s dt (19)

¡ 2 ÇC(k + 1)* tk + 1

tk
* s 1

tk
* s 2

tk

a( s 2) d s 2 ds 1 dt + ¢ ¢ ¢

=
R ! 1

r̂ = 1

r( ¡ 1)r ¡ 1C (r ¡ 1)(k + 1)

£ D Vr + 1(k, k + 1)

The derived general formulas specify a class of strapdown trans-
formation algorithms with speci� c-force multiple integrals as the
input parameters, which possess a new fundamental property com-
pared with the conventional ones—they are acceleration invariant,
i.e., they hold true for the acceleration input of unrestricted fre-
quency content. It is clear that, to use the algorithms of this class,
the iteration rate should be selected to be higher than the angular
motion frequency band. Thus, if the high-frequency gyro instru-
ment errors are expected to be noticeable, the smoothing attitude
algorithms should be used.

When truncation is set in general formulas (19), the particular
quadrature formulas of differing accuracy can be derived. Matrix C
derivativescan be calculatedin two ways (as was mentioned for the
conventionalalgorithms of the � rst group): by the numerical differ-
entiation of the computed matrix values and by using the analytical
relationshipsbetween the required parameters and the angular-rate
derivatives. We chose the � rst one for developing the particular al-
gorithms of this class.

We restrict our consideration to two transformation algorithms
when two and three terms are held in the quadrature formulas (i.e.,
for two values of the parameter R: 2; 3) and the appropriatenumer-
ical methods for the calculation of matrix C derivatives are used.
(For R =1 we have the simplest transformationalgorithm that does
not account for the body-frame rotation.) These algorithms are

R = 2:

d Vn(k, k + 1) = C(k + 1) D V1(k, k + 1)

¡ ÇC(k + 1) D V2(k, k + 1) (20)

ÇC(k + 1) =
C(k + 1) ¡ C(k)

D T

R = 3:

d Vn(k, k + 1) = C(k + 1) D V1(k, k + 1)

¡ ÇC(k + 1) D V2(k, k + 1) + C̈(k + 1) D V3(k, k + 1)

(21)ÇC(k + 1) =
3C(k + 1) ¡ 4C(k) + C(k ¡ 1)

2 D T

C̈(k + 1) =
C(k + 1) ¡ 2C(k) + C(k ¡ 1)

D T 2

D. Comparison of the Algorithms
As follows from the comparison of derived algorithms (13) and

(17), the smoothingalgorithmsare identical in form to the appropri-
ate conventional ones but use the angular-rate/speci� c-force multi-
ple integrals over the iteration interval instead of the same number
of the conventionalgyro/accelerometersamples.The algorithmsare
similar in structure because the procedure for deriving the smooth-
ing algorithms mostly retraces the procedure for the conventional
algorithms. In the conventional algorithms, the higher accuracy is
provided by involving a greater number of gyro samples (over the
iteration interval and/or from the past intervals). In the new algo-
rithms, the accuracy is provided by use of the multiple integrals of
higher multiplicitywith the sampling rate equal to the iteration rate.

The acceleration-invariant algorithms have a unique structure,
which, however, has computational complexity similar to that of
the correspondingconventionalor smoothingalgorithms. It follows
from the comparison of two new types of algorithms—smoothing
and accelerationinvariant—that the latteruse the speci� c-forcemul-
tiple integralsof one more multiplicity than the appropriatesmooth-
ing algorithms. It should be noted that the proposed algorithms can
be transformed to the appropriate conventional ones by use of the
relationships between the conventional and the additional sensor
outputs for a given signal polynomialmodel. In particular, it is easy
to verify that, for the constantangular-rate/speci� c-forceconditions,
the algorithmof Eqs. (20) transformsto both the half-sumalgorithm
and algorithm (14).

It should be mentioned that when the new algorithms are imple-
mented, the gyro/accelerometer instrument error model parameters
should be accounted for in both conventional and additional (mul-
tiple integral) outputs. Another point is that the higher the order of
the integral multiplicity, the greater the word length needed.

Note that the conventional and the smoothing algorithms use
the attitude matrix values at the start of the iteration interval only,
whereas the acceleration-invariantalgorithmsuse those at the end of
the iteration interval and from the previous iteration cycles. For this
reason, with the acceleration-invariant algorithms, the navigation
computations should follow the attitude computations,whereas for
the conventionaland the smoothingalgorithmsthey can be executed
in the opposite order.

IV. Speci� c-Force Multiple Integrals
Let us examine the possibility of the speci� c-force multiple in-

tegral generation, taking a single-axis pulse-rebalance pendulous
accelerometer as an example. The accelerometer output signal is
generated by a counter that counts the number of pulses over the
sampling interval with the pulse value D V0 corresponding to an el-
ementary velocity increment. The increments of the speci� c-force
one-time integralare generatedby multiplicationof the accumulated
number of pulses n1 by the pulse value: namely

D V 1 = * tk + D T

tk

a(t) dt = n1 D V0

To generatethe incrementsof the speci� c-forcemultiple integrals
over the sampling interval, we need to take only the current counter
readingswith a � xed frequencydivisibleby the sampling frequency
(in our example, the pulse-rebalancefrequency) and to perform the
summing of these quantities as follows:

n2 =
N

î = 1

n1
i , n3 =

N

î = 1

n2
i , . . . , nr + 1 =

N

î = 1

nr
i

where N = D T / D t and D t is a pulse-rebalancecycle.
Then for the speci� c-force multiple integrals we have

D V r + 1 = nr + 1 D tr D V0 , r = 0, 1, 2, . . .

To generatethe additionalaccelerometeroutputs,either the series
adders are to be built into the accelerometer electronics, as shown
in Fig. 1, or a digital signal processorshould be used. In our opinion
in either case this is not dif� cult.
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Fig. 1 Diagram for speci� c-force multiple integral generation.

The possibility of angular-rate multiple integral generation for
both the angular rate and the angular-rate integrating sensors was
similarly illustrated previously in Ref. 3.

V. Analytical Evaluation of the Algorithm Errors
In this analytical study we restrict our consideration to the accel-

eration error components in the navigation frame as the major error
source in the navigationcomputations.If true discrete velocity inte-
gration algorithm (4) is used, the additional velocity errors that are
due to the errors in position increment [Eq. (7)] calculation can be
evaluated in a manner similar to that used for the accelerationerrors
examined below. For each of three types of the algorithms under
examination we � rst derive the algorithm’s error expressions for
the general case of angular/linear motion (benign environment) and
then specify them for the sculling input. In doing so an oscillatory
angular motion of an amplitude h along one navigation-frameaxis
and an oscillatory linear acceleration of an amplitude a along the
orthogonalnavigation-frameaxis of the common circular frequency
x 0 is considered.The recti� ed accelerationerror along the thirdnav-
igation axis is evaluated for two cases of sculling—quadrature and
in phase.5 To examine the problem of the smoothing algorithm’s
optimizationunder the sculling input, we additionallyderive the al-
gorithm for the square-law angular-rate/speci� c-force models and
evaluateits accuracy.We do not presentthe algorithmitself for it can
be easily derivedaccording to the precedingprocedurepresented in
this paper.We presentthe appropriateresults for the conventionalal-
gorithmsaccordingto a recentpaper.6 For the acceleration-invariant
algorithm we additionally examine the algorithm’s error under the
accelerometer high-frequency instrumental errors for the case in
which the gyro high-frequencyinstrument errors are assumed to be
effectively smoothed over in the attitude computations.

A. Conventional Algorithms
To evaluate the algorithm’s error we should take into account that

the total sculling correction calculation error D Ws is a sum of two
components,both of which are due to the truncationof the angular-
rate/speci� c-force polynomial representation (as well as with the
rotationvector error in the coning correctioncalculation8 ). The � rst
term D Ws1 is caused by the discardingof the higher terms in the ex-
pression for the sculling correction term [Eq. (12)], and the second
term D Ws2 is causedby the impact of the higher-ordersignalderiva-
tives on the estimates of chosen polynomial model coef� cients.

Holding the most signi� cant terms for the error componentsaver-
agedover the iterationinterval for thealgorithmunderconsideration
[Eq. (13)], we can derive:

D Ws1 = ¡ ( D T 4 / 10)[1
3 (C! £ Ba) + 1

2 (B! £ Ca)

+ 1
12 (D! £ Aa) + 1

3 ( A! £ Da)]

D Ws2 = ( D T 4 /576)[20(C! £ Ba) + 28(B! £ Ca)

+ 5(D! £ aa) + 19(A! £ Da)]

where C!, D!, and Ca , Da are the second and the third angular-
rate/speci� c-force derivatives in the time point tk , respectively.

The total algorithm (13) acceleration error is given by

D Ws = ¡ ( D T 4 /720)[(C! £ Ba) ¡ (B! £ Ca)

+ 1
4 (D! £ Aa) ¡ 1

4 ( A! £ Da)] (22)

Under the case of quadrature sculling, the algorithm’s error is
virtually zero [thanks to the � rst term of algorithm (13) (Ref. 5)].
Speci� ed for in-phase sculling, expression (22) takes the form

D Ws =
h a

2

3( x 0 D T )4

1440
(23)

For algorithm (14) the following can be derived:

D Ws =
h a

2
( x 0 D T )2

6
(24)

The optimal sculling correction algorithm that uses three gyro/
accelerometersamples equallyspaced over the iteration interval can
be derived by optimization of the general algorithm based on the
square-lawangular-rate/speci� c-force models.Based on the formu-
lations in Ref. 6, the acceleration error of such an algorithm is as
follows:

For sculling,

D Ws =
h a

2

( x 0 D T )6

102,060

For a benign environment,

D Ws = ( D T 3 / 120)[( A! £ Ca) ¡ (C! £ Aa)]

Therefore the optimal scullingalgorithmdemonstrates the degra-
dation of its performance in a benign environment, even compared
with algorithm (13).

B. Smoothing Algorithms
The total accelerationerror for the algorithmunder consideration

[Eq. (17)] can be derived in a manner similar to that for the conven-
tional algorithmdiscussed in the preceding subsection. It is de� ned
by the following most-signi� cant terms:

D Ws = ¡ ( D T 4 / 720)[(C! £ Ba) ¡ (B! £ Ca)] (25)

Under the case of quadrature sculling the algorithm’s error is
virtuallyzero as well. Speci� ed for the in-phasesculling,expression
(25) gives

D Ws =
h a

2

4( x 0 D T )4

1440
(26)

Based on the general procedure, the algorithm was derived for
the square-law angular-rate/speci� c-force models that use the in-
crementsof three angular-rate/speci� c-force multiple integralsover
the iterationinterval.For the accelerationerror of such an algorithm,
the following were obtained:

1) For a benign environment,

D Ws = ¡ ( D T 6 / 700)[(D! £ Ca) ¡ (C! £ Da)] (27)

2) For sculling,

D Ws =
h a

2

( x 0 D T )6

100,800
(28)

In the derivation of expression (27) it is found that two sculling
algorithmerror components (one is caused by discardingthe higher
terms in the expression for the sculling correction term and the
other is due to the impact of the higher-order signal derivatives on
the estimatesof chosen polynomialmodel coef� cients) of the fourth
order in D T compensate each other, as with the smoothing attitude
algorithms.3 For this reason the accuracyof the appropriateconven-
tional algorithmoptimized for the pure sculling input is provided in
a nonscullingenvironment as well, as is clearly seen from the com-
parisonof expressions(27) and (28). It is reasonableto suppose that
this unique property is peculiar to all the algorithms of this family.
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C. Acceleration-Invariant Algorithms
According to the procedure for deriving the algorithms of this

class, the algorithm’s accuracyis dictatedby the orderof the quadra-
ture formula [the number of terms retained in matrix C expansion
(18)] and the errors in its realization (the errors in calculation of
matrix C derivatives). We denote the average of these acceleration
error components over the iteration interval as D W1 and D W2, re-
spectively. We can derive the expressions for the algorithm errors
in a benign environment by expressing D V by means of the poly-
nomial expansion for the accelerationcomponents and by using the
expressions for the errors in calculating the matrix C derivatives.
For the algorithm of Eqs. (21) it yields

d ÇC(k + 1) = ¡ C (3)(k)(2 D T 2 / 3) ¡ C (4) (k)( D T 3 / 6)

d C̈(k + 1) = ¡ C (3)(k) D T ¡ C (4)(k)(5D T 2 / 12)
(29)

D W1 =C (3) Aa( D T 3 / 24) + C (3) Ba( D T 4 / 120) + C (4) Aa( D T 4 / 30)

D W2 =C (3) Ba( D T 4 / 72) ¡ C (4) Aa( D T 4 /36)

In the case of quadrature sculling, the algorithm’s error is deter-
mined by the � rst term of D W1:

D W =
h a

2

( x 0 D T )3

24
(30)

For in-phase sculling according to Eqs. (29),

D W =
h a

2

( x 0 D T )4

60
(31)

For the algorithm of Eqs. (20) it can be derived that, in the case
of quadrature sculling, the algorithm’s error is virtually zero. For
in-phase sculling it gives

D W =
h a

2
( x 0 D T )2

12
(32)

To derive the expressions for the algorithm error with respect to
the high-frequencyacceleration instrument error component ah we
represent the quantities D V R(tk , t ) as

D V R(tk , t ) = VR (t ) ¡
R

r̂ = 1

V R(tk)
(t ¡ tk )R ¡ r

(R ¡ r )!

where

V R(t ) = VR (0) + * t

0

¢ ¢ ¢ * tR

0, & ( *
R

ah (tR ) dtR ¢ ¢ ¢ dt1

The quantities V R(tk ) can be considered as the values of the func-
tions Ṽ R(t ), which are equal to the functionsV R(t ) sampled at time
interval D T .

As with the analysis of the navigation algorithm errors under
vibration,here we restrict our considerationto the case in which the
acceleration error frequency fe is close to a frequency divisible by
the iteration rate f = 1/ D T . In this case the functions Ṽ R (t) can be
approximately considered as the harmonics of low frequency f̃ e,
which is equal to the aliased acceleration noise frequency:

f̃ e = fe ¡ n f

where n is an integer. Again, averaging the estimates over the time
intervals (tk , tk + 1), for the algorithmof Eqs. (21) we approximately
have

D W1h = ¡ C (3)[Ṽ3 + Ṽ2( D T /2) + Ṽ1( D T 2 /6)]
(33)

D W2h = C (3)[Ṽ2 ¡ Ṽ1( D T / 6)]D T

Our prime interestis in conditionsunderwhich the low-frequency
errors (in the limiting case, the constants) arise. It is seen from the

Table 1 Acceleration-invariant algorithm errors

Algorithm’s order, R Algorithm’s error

1 ( h ae /2)( x 0 / x e )
2 ( h ae /2)( x 0 / x e)2

3 ( h ae /2)( x 0 / x e)3

Table 2 Algorithm sculling response (constant !/a models)

Algorithm type Conventional Smoothing Acceleration invariant

Algorithm equation (14) (14) (20)
Algorithm error 1

6 ( x 0 D T )2 1
6 ( x 0 D T )2 1

12 ( x 0 D T )2

Table 3 Algorithm sculling response (linearly ramping !/a models)

Algorithm Acceleration
type Conventional Smoothing invariant

Algorithm (13) (17) (21)
equation

Algorithm error 3/1440( x 0 D T )4 4/1440( x 0 D T )4 24/1440( x 0 D T )4

analysisof relationships(33) that these errorsoccurwhen the aliased
acceleration error frequency f̃e is close to the angular motion fre-
quency.Let therebe an oscillatoryangularmotion of an amplitude h
and circular frequency x 0 and an oscillatoryaccelerationinstrument
error of an amplitude in acceleration ae and a circular frequency
x e = 2 p fe , which satis� es the following relationship:

2 p f̃ e = x 0 (34)

To evaluatetheperformanceof theacceleration-invariantalgorithms
under these conditions,the approximateexpressionsfor the recti� ed
accelerationerrors for three algorithmsof this class (for R = 1, 2, 3)
for the worst case of phase relationship are summarized in Table 1.
The error expressions for the algorithm of Eqs. (21) were derived
according to formulas (33); those for the algorithmof Eqs. (20) and
the simplest transformation algorithm can be derived in the same
way and are presented in Ref. 9.

Therefore, the greater the order of the acceleration-invariantal-
gorithm, the lower the pseudoscullingerrors.

D. Comparison of the Algorithm Performances
As a result of the analytical study, we summarized the sculling

responses of the conventional and the proposed algorithms for the
case of in-phase sculling based on derived error expressions (23),
(24), (26), (31), and (32). In Tables 2 and 3 the relative sculling
error (which is the ratio of the acceleration error to the sculling ac-
celeration h a /2) is presented for two algorithmgroups based on the
constant and linearly ramping angular-rate/speci� c-force models,
respectively.

As Tables 2 and 3 show, a conclusion can be made that the new
derived algorithms are of the same order of accuracy as the corre-
sponding conventional ones for in-phase sculling. When examined
in detail, the acceleration-invariant algorithms are slightly better
than the others in the � rst group and slightly worse than those in
the second one. The conventionaland the smoothing algorithms are
of nearly the same accuracy. Note that the error of the acceleration-
invariant algorithm in the case of quadrature sculling is not neces-
sarily zero for this class as a whole [this is the case for the algorithm
of the second group; see Eq. (30)]. To complete the comparison
we remind the reader that in a nonsculling benign environment, the
smoothing algorithms demonstrate a noticeable improvement over
the correspondingconventional ones.

VI. Simulation
In the � rst stage of the simulation the relative sculling error

as a function of the relative frequency (which is the ratio of the
sculling frequency x 0 / 2p to the iteration rate f =1/ D T ) was de-
termined for in-phase sculling. In the simulation, we generated
the gyro/accelerometer outputs following the exact analytical ex-
pressions; therefore numerical integrationerrors were avoided.The
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Fig. 2 Sculling response of acceleration-invariant algorithms (log–log plot).

Fig. 3 Algorithm sculling response (log–log plot).

algorithm acceleration error was extracted from the INS position
output by the square-law LSM estimator. The estimation interval
was taken to be large enough to smooth over the oscillatory er-
ror components effectively and to provide high numerical calcu-
lation accuracy. The simulation results for three algorithms of the
acceleration-invarianttype and those for the correspondingconven-
tional and new algorithmsof two types [Eqs. (13), (17), and (21)] are
shown in Figs. 2 and 3, respectively. In the simulation, the sculling
frequencyvaried in a wide range (from 10 to 1000 Hz), with a � xed
computation rate of 1000 Hz. These results are in close agreement
with those derived analytically.

To examine the pseudosculling errors of the proposed and the
conventional algorithms, the simulation was performed with high-
frequency gyro and accelerometer noise components. In the sim-
ulation, the orthogonal angular-rate and speci� c-force noise com-
ponents were speci� ed as the harmonics of the same frequency fe

and amplitude x e , ae , respectively,but with a 90-deg phase shift. In
this case an accelerationerror arises, which is similar to the sculling
error. If the iteration rate is higher than the harmonic frequency, the
pseudoscullingerror can be evaluated as

D Wps =
x eae

2(2 p fe)
(35)

As the iteration rate becomes lower than the noise frequency, the
sensor noise components are smoothed over by the algorithm, so
that the error diminishes as the noise frequency increases.The rela-
tive pseudoscullingerror [which is the ratio of the algorithmerror to
its maximum value, Eq. (35)] as a function of the relative frequency
(which is the ratio of the noise frequencyto the iterationrate) is com-
pared for three algorithms in Fig. 4. In the simulation, the noise fre-

quencyvaried from 1300 to 50,300Hz. In doingso, the aliased noise
frequency f̃e was taken to be equal to 300 Hz. The computational
rate was taken to be 1000 Hz, and the instrument noise parameters
were speci� ed as follows: x e = 1 deg/h, ae =0.2 g. Figure 4 shows
a de� nite improvement of the smoothing algorithm over the con-
ventional one. The acceleration-invariant algorithm demonstrates
a signi� cantly greater improvement that grows with the relative
frequency.

In the next stage, the comparative simulation of the algorithms
was performed under the angular motion in combination with the
high-frequency accelerometer noise. The frequency of the noise
harmonics was taken in such a way that the aliased noise frequency
was equal to the angular motion frequency. An additional acceler-
ation error arises that in this case is normalized by the maximum
pseudoscullingerror value,

D Wps = h ae / 2 (36)

In the simulation, the noise frequency varied from 1100 to
100,100Hz. The computationalrate was taken to be 500 Hz, and the
angularmotionparameterswere speci� ed as follows: h = 0.001 rad,
x 0 = 2p ¢ 100 s ¡ 1. The plots of the algorithmrelativeerror as a func-
tion of the relative vibration frequency are shown in Figs. 5 and 6
for three acceleration-invariantalgorithms and for the correspond-
ing conventional and new algorithms of two types, respectively. In
this case as well, the simulation results are in close agreement with
the analytical estimates derived for the acceleration-invariantalgo-
rithm errors with the accelerometer noise input. It is clearly seen
from a comparison of the results presented in Figs. 5 and 6 that,
under these conditions, the conventionalalgorithmis of equal accu-
racy as the simplest � rst-order algorithm and ranks far below both
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Fig. 4 Algorithm errors with the gyro/accelerometer noise (log–log plot).

Fig. 5 Acceleration-invariant algorithm errors with angular motion combined with accelerometer noise (log–log plot).

Fig. 6 Algorithm errors with angular motion combined with accelerometer noise (log–log plot).

new algorithms. Among these, the acceleration-invariantalgorithm
demonstrates a noticeable improvement over the smoothing trans-
formation algorithm.The accuracyimprovement increaseswith rel-
ative vibration frequency.

VII. Conclusion
The approaches for deriving two new classes of strapdown nav-

igation algorithms were presented and examined. One is based on
deriving the angular-rate/speci� c-force polynomial model’s coef� -
cients (which forms the basis for any algorithm) as the LSM es-

timates; for this reason we designated the so-derived algorithms
as smoothing. The other has its basis in new general formulas de-
rived without restrictions imposed on the acceleration frequency
band relative to the iteration rate; therefore, we called these algo-
rithms acceleration invariant. The goal of this design was to de-
rive algorithms that would accurately account for the vibration-
induced sculling effects and attenuate the pseudoscullingerrors that
can arise from the high-frequency gyro/accelerometer instrument
noise. A key feature of both approaches is the use of the addi-
tional gyro/accelerometer output signals, which are the increments



LITMANOVICH, LESYUCHEVSKY, AND GUSINSKY 43

of theangular-rate/speci� c-forcemultipleintegralsover the iteration
interval.

The accuracy equivalence of the corresponding conventional
and proposed algorithms under sculling motion was demonstrated.
A unique property of the error autocompensation typical for the
preceding derived smoothing attitude algorithms was proven to be
valid for the smoothing transformation algorithms as well. This re-
sults in an accuracy improvement of the derived algorithms over
the corresponding optimal ones of three orders in a nonsculling
benign environment. Thus, with the smoothing algorithms, the ac-
curacy of the corresponding conventional algorithms optimized
for the pure sculling input is also provided under the nonsculling
conditions.

A notable improvement of the new algorithms over the con-
ventional ones was manifested under conditions of high-frequency
instrumenterrors.Among theproposedalgorithms,theacceleration-
invariant algorithms were shown to be even more effective in atten-
uating the pseudoscullingerrors than the correspondingsmoothing
algorithms, with an accuracy improvement increasing with the rel-
ative instrument error frequency.

The smoothing algorithms are identical in form to the corre-
sponding conventional ones, but use several sequential angular-
rate/speci� c-force multiple integrals instead of the same number
of conventional gyro/accelerometer samples. The acceleration-
invariant algorithms have a unique structure, which has a computa-
tional complexity similar to that of the correspondingconventional
or smoothing algorithms. When comparing correspondingsmooth-
ing and acceleration-invariantalgorithms,we note that the latter use
the speci� c-force multiple integrals of one more multiplicity than
the former. The price we must pay to implement the new algorithms
is the generation of additional sensor outputs, to correct them for
the instrument error model parameters, and to provide the increased
word length they require. All these problems can be easily solved if
the performance improvement the proposed algorithms provide is
valuable for a particular strapdown design.

Appendix: Derivation of the General
Quadrature Formulas

Substituting Eq. (18) into Eq. (6) for the current values of the
velocity increments over the interval (tk , tk + D T ) yields

d Vn(tk , tk + s ) = C(k) * s

0

a(tk + s ) d s

+ ÇC(k) * s

0

s a(tk + s ) ds + C̈k * s

0

s 2

2
a(tk + s ) d s + ¢ ¢ ¢

(A1)

where 0 · s · D T .
With the introduceddesignationsof Eqs. (16), expressionsfor the

integrals in Eq. (A1) can be transformed by integration by parts, as
follows:

*
s

0

a(tk + s ) d s = D V1(tk , tk + s )

* s

0

s a(tk + s ) d s = s D V1(tk , tk + s ) ¡ D V2(tk , tk + s )

* s

0

s 2

2
a(tk + s ) ds =

s 2

2
D V1(tk , tk + s )

¡ s D V2(tk , tk + s ) + D V3(tk , tk + s )
¢
¢
¢

(A2)

Substituting Eqs. (A2) into Eq. (A1), we obtain

d Vn(tk , tk + s ) = [C (k) + ÇC(k) s + ¢ ¢ ¢ ]D V1(tk , tk + s )

¡ [ ÇC(k) + C̈(k) s + ¢ ¢ ¢ ]D V2(tk , tk + s )

+ [C̈(k) + C (3)(k) s + ¢ ¢ ¢ ]D V3(tk , tk + s ) ¡ ¢ ¢ ¢ (A3)

In view of Eq. (6) and the polynomialexpansionfor matrix C and
its derivatives, Eq. (A3) can be rewritten as

* s

0

C (tk + s ) a(tk + s ) d s = C (tk + s ) D V1(tk , tk + s )

¡ ÇC(tk + s ) D V2(tk , tk + s ) + C̈(tk + s ) D V3(tk , tk + s ) ¡ ¢ ¢ ¢
(A4)

For s = D T , Eq. (A4) transformsinto the � rst equationof Eqs. (19).
To derive the second equation of Eqs. (19), let us represent the

quantity under examination in the following form:

d Sn (k, k + 1) = *
D T

0

d Vn (tk , tk + s ) d s (A5)

Substituting Eq. (A4) into Eq. (A5) yields

d Sn(k, k + 1) = * D T

0

C(tk + s ) D V1(tk , tk + s ) ds

¡ *
D T

0

ÇC (tk + s ) D V2(tk , tk + s ) d s

+ * D T

0

C̈ (tk + s ) D V3(tk , tk + s ) d s ¡ ¢ ¢ ¢ (A6)

As the structuresof the polynomialexpansionformatrix C and its
derivativesare identical,each integral in Eq. (A6)can be represented
in a form similar to that of Eq. (A4), namely,

* s

0

C D V1 d s = C D V2 ¡ ÇC D V3 + C̈ D V4 ¡ ¢ ¢ ¢

* s

0

ÇC D V2 d s = ÇC D V3 ¡ C̈ D V4 + C (3) D V5 ¡ ¢ ¢ ¢

* s

0

C̈ D V3 d s = C̈ D V4 ¡ C (3) D V5 + C (4) D V6 ¡ ¢ ¢ ¢

¢
¢
¢

(A7)

In view of expressionsEq. (A7), Eq. (A6) can be transformed to the
form of the second equation of Eqs. (19).
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